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Background: Latent Variable Models (LVM) | 1

Observed variables (items): y = (y1, ..., yp)ᵀ ∈ Rp,

Latent variables (factors): z = (z1, ..., zq)ᵀ ∈ Rq, with q � p.

The marginal distribution:

f(y; Θ) =
∫
Rq

p∏
i=1

fi(yi | z; Θyi ) p(z; Θz) dz

Assumptions:

Parametric model: Θᵀ = (Θᵀ
y , Θᵀ

z ),

Conditional independence,

Distributions: yi | z ∼ EF(ζi(z), φi) and z ∼ N(0, Φ).
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Observed variables (items): y = (y1, ..., yp)ᵀ ∈ Rp,

Latent variables (factors): z = (z1, ..., zq)ᵀ ∈ Rq, with q � p.

The marginal distribution:

f(y; Θ) =
∫
Rq

p∏
i=1

exp
{

yiζi(z) − bi(ζi(z))
φi

+ ci(yi; φi)
}

p(z; Φ) dz

Assumptions (GLLVM, Skrondal and Rabe-Hesketh, 2004; Bartholomew et al., 2011):

Parametric model: Θᵀ = (Θᵀ
y , Θᵀ

z ),

Conditional independence,

Distributions: yi | z ∼ EF(ζi(z), φi) and z ∼ N(0, Φ).
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f(y; Θ) =
∫
Rq

p∏
i=1

exp
{

yiζi(z) − bi(ζi(z))
φi

+ ci(yi; φi)
}

p(z; Φ) dz

System of GLMs (McCullagh and Nelder, 1989) with latent covariates:
� Focus on (conditional) mean: µi := E(yi | z) = ∂bi/∂ζi,
� Linear predictor: υi(µi) = αi0 + αᵀ

i1z
� Matrix notation: υ(µ) = α0 + Az

Model parameters: Θᵀ = (α0
ᵀ, vec(A)ᵀ, φᵀ, vech(Φ)ᵀ)

Rotational indeterminacy: q2 restrictions on Θ (EFA/CFA).

Θ̂ = arg max
Θ∈Ξ

`(Θ; y)
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`(Θ; y) =
n∑

m=1

log

[∫
Rq

p∏
i=1

fi(yim | z; αi0, αi, φi) p(z; Φ) dz

]

System of GLMs (McCullagh and Nelder, 1989) with latent covariates:
� Focus on (conditional) mean: µi := E(yi | z) = ∂bi/∂ζi,
� Linear predictor: υi(µi) = αi0 + αᵀ

i1z
� Matrix notation: υ(µ) = α0 + Az

Model parameters: Θᵀ = (α0
ᵀ, vec(A)ᵀ, φᵀ, vech(Φ)ᵀ)

Rotational indeterminacy: q2 restrictions on Θ (EFA/CFA).

Θ̂ = arg max
Θ∈Ξ

`(Θ; y)



Motivation: Response times (educational testing research) | 3

Interest in response times (van der Linden, 2007, 2009).
Can we assume log(ti) | z ∼ N(µi(z), σ2

i )? ( !4)

Figure: Empirical vs. marginal distribution assuming log(ti) | z ∼ N(µi(z), σ2
i ).



Motivation: Thermometer ratings (public opinion research) | 4

Q: “From 0 (cold) to 100 (hot), how would you rate ____ ?”
Can we assume yi | z ∼ N(µi(z), σ2

i )? ( !4)

Figure: Empirical vs. marginal distributions assuming yi | z ∼ N(µi(z), σ2
i ).



Motivation: Limitations of f(y | z) in the GLLVM | 5

A call for modelling the conditional distribution fi(yi | z), as opposed to only the conditional mean
µi(z):

Going beyond yi | z ∼ EF,
� e.g, items in (0, 1), zero inflation, heaping (rounding).

Substantive interest in higher order moments (variance, skewness, kurtosis),
� e.g., Ability differentiation, Ecological momentary assessments (EMA).

Item quality and control,

Better prediction, outliers, etc.
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Generalised LVM for Location, Scale and Shape (GLVM-LSS) | 8

We propose an umbrella class of LVM to model the conditional distribution fi(yi | z).

System of GAMLSS regressions (Rigby and Stasinopoulos, 2005) with latent covariates:

� fi(yi | z; θi(z)) is indexed by θi(z) = (µi, σi, νi, τi)ᵀ, a vector of location (µi), scale (σi),
and shape (νi, τi) parameters, modelled as linear functions of z.

� Mean, variance, skewness, kurtosis: functions of these distributional parameters.
� Linear predictor (for ϕi ∈ θi): υi,ϕ(ϕi) = αi0,ϕ + αᵀ

i1,ϕz

� Matrix notation (for ϕ ∈ θ): υϕ(ϕ) = α0,ϕ + Aϕz

� Matrix notation (all): υ(θ) = α0 + Az

Model parameters: Θᵀ = (αᵀ
0 , vec(A)ᵀ, vech(Φ)ᵀ).



GLVM-LSS: Some examples (1) | 9

Heteroscedastic Normal linear factor model (Hessen and Dolan, 2009).

Items: yi | z ∼ N(µi(z), σ2
i (z)).

Location (µi ∈ R) and scale (σi ∈ R+) parameters.

Measurement equations:

µi(z) = αi0,µ + αᵀ
i1,µz

log(σi(z)) = αi0,σ + αᵀ
i1,σz

Used for: testing ‘ability differentiation’, item quality control.



Update: Response times (educational testing research) | 10

Figure: Homoscedastic, N(µi(z2), σ2
i ) ( ) vs. Heteroscedastic, N(µi(z2), σ2

i (z2)) ( ) model.
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Skew-Normal factor model (Montanari and Viroli, 2010; Liu and Lin, 2015; Asparouhov and
Muthén, 2016).

Re-parametrisation: yi | z ∼ SN(µi(z), σ2
i (z), νi(z)).

Location (µi ∈ R), scale (σi ∈ R+), and shape (νi ∈ (0, 1)) parameters.

Measurement equations:

µi(z) = αi0,µ + αᵀ
i1,µz

log(σi(z)) = αi0,σ + αᵀ
i1,σz

logit(νi(z)) = αi0,ν + αᵀ
i1,νz



Update: Response times (educational testing research) | 12

Figure: N(µi(z2), σ2
i ) ( ) vs. N(µi(z2), σ2

i (z2)) ( ) vs. SN(µi(z2), σ2
i (z2), νi(z2)) ( ).
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Zero-Inflated Poisson factor model (Wang, 2010; Wall et al., 2015; Magnus and Thissen,
2017).

Items: yi | z ∼ ZIP(λi(z), πi(z)):

fi(yi | z; θi) =


πi + (1 − πi) · e−λi , if yi = 0

(1 − πi) ·
λyi

i · e−λi

yi!
, if yi > 0

Measurement equations:

log(λi(z)) = αi0,λ + αᵀ
i1,λz

logit(πi(z)) = αi0,π + αᵀ
i1,πz



GLVM-LSS: Some examples (4) | 14

(Heteroscedastic) Beta factor model (Noel and Dauvier, 2007; Verkuilen and Smithson, 2012;
Revuelta et al., 2022).

Re-parametrisation: yi | z ∼ Beta(µi(z), σi(z)).

Location (µi ∈ (0, 1)), scale (σi ∈ (0, 1)) parameters.

E(yi | z) = µi and Var(yi | z) = σ2
i µi(1 − µi).

Measurement equations:

logit(µi(z)) = αi0,µ + αᵀ
i1,µz

logit(σi(z)) = αi0,σ + αᵀ
i1,σz



Update: Thermometer ratings (public opinion research) | 15

Figure: N(µi(z1), σ2
i ) ( ) vs. N(µi(z1), σ2

i (z1)) ( ) vs. Beta(µi(z1), σi(z1)) ( ).
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Estimation & Inference | 17

Full-information marginal maximum likelihood estimation =⇒ Θ̂ = arg max `(Θ; y).

Computation: Sequential implementation:

� EM-algorithm (fixed number of iterations/convergence):
! Monotonic increments, easy implementation.

# Slow: (sub-)linear convergence rate.

� Direct maximisation via (quasi-)Newton algorithm (refinement step):
! Fast: (super-)linear convergence rate.

# Computationally intensive.
� Numerical integration via Gauss-Hermite quadrature

Inference:
√

n(Θ̂ − Θ∗) d−→ N(0, (I/n)−1), with expected information matrix I.
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Computer-based Maths exam, booklet 1 (Brazil, n = 1280).

Study of the ‘Speed-accuracy trade-off’ (SAT) (van der Linden, 2007; Molenaar et al., 2015).

Confirmatory joint model for item response (yi’s) and response times (ti’s).

Latent ability (z1) and Latent ‘speed’ trait (z2), correlated: Corr(z1, z2) 6= 0.

Item responses (x9), yi | z ∼ Bernoulli(πi(z1))

Response times (x9, log-minutes):
� Option 1 (current literature): log(ti) | z ∼ N(µi(z2), σ2

i (z2)).
� Option 2: log(ti) | z ∼ SN(µi(z2), σ2

i (z2), νi(z2)).
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z1 z2

Bernoulli

π1 (z1)

y1
Bernoulli

π9 (z1)

y9
Skew-Normal

y10 y18

⋯
Skew-Normal

µ10 (z2)

σ10 (z2)

ν10 (z2)

µ18 (z2)

σ18 (z2)

ν18 (z2)

⋯

ρ (z1,z2)

Figure: Path diagram example: Joint IR and RT model



Example 1: PISA 2018 | 21

Model AIC BIC K

1. Bernoulli (π) + Normal (µ, fixed αi1,µ) 26173.08 26368.96 38
2. Bernoulli (π) + Normal (µ) 25908.67 26145.79 46
3. Bernoulli (π) + Normal (µ, σ) 25754.91 26038.42 55
4. Bernoulli (π) + Skew-Normal (µ) 25326.02 25609.53 55
5. Bernoulli (π) + Skew-Normal (µ, σ) 25281.41 25611.30 64
6. Bernoulli (π) + Skew-Normal (µ, ν) 25232.80 25562.70 64
7. Bernoulli (π) + Skew-Normal (µ, σ, ν) 25171.90 25548.18 73

Table: Confirmatory GLVM-LSS for item responses and response times.
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Location parameter (πi) Location parameter (µi) Scale parameter (σi) Shape parameter (νi)

Item
α̂i0,π α̂i1,π α̂i0,µ α̂i1,µ α̂i0,σ α̂i1,σ α̂i0,ν α̂i1,ν

Est. SE Est. SE Est. SE Est. SE Est. SE Est. SE Est. SE Est. SE

Item 1 0.64 (0.06) 0.79 (0.09) 0.19 (0.01) -0.17 (0.01) -0.95 (0.02) -0.03 (0.02) 0.63 (0.13) -0.03 (0.15)
Item 2 -0.47 (0.07) 1.03 (0.10) 0.30 (0.01) -0.24 (0.01) -0.89 (0.02) -0.10 (0.02) 1.56 (0.15) -0.78 (0.18)
Item 3 -0.04 (0.08) 1.95 (0.20) 0.42 (0.02) -0.25 (0.01) -0.61 (0.02) -0.08 (0.02) -1.07 (0.14) 0.81 (0.16)
Item 4 -0.69 (0.07) 0.96 (0.10) 0.45 (0.01) -0.34 (0.01) -0.87 (0.01) -0.05 (0.02) -1.45 (0.12) -0.33 (0.15)
Item 5 -2.84 (0.21) 2.28 (0.24) 1.00 (0.02) -0.36 (0.02) -0.68 (0.02) 0.14 (0.02) -1.04 (0.13) -0.32 (0.20)
Item 6 -0.91 (0.06) 0.32 (0.08) 0.16 (0.01) -0.36 (0.01) -0.97 (0.02) 0.03 (0.03) 0.11 (0.11) -0.88 (0.21)
Item 7 -4.79 (0.42) 2.49 (0.32) 0.65 (0.01) -0.33 (0.01) -1.15 (0.02) -0.04 (0.02) 0.35 (0.14) -0.58 (0.16)
Item 8 -3.67 (0.30) 2.39 (0.28) 1.02 (0.01) -0.39 (0.01) -1.02 (0.02) 0.12 (0.02) -1.22 (0.17) -1.60 (0.26)
Item 9 -2.73 (0.16) 1.46 (0.16) 0.58 (0.01) -0.30 (0.01) -0.90 (0.02) -0.00 (0.02) 0.30 (0.10) 0.36 (0.13)

Est. Correlation(z1, z2) = -0.28 (SE: 0.025)

Table: Results for joint model of item responses and response times (Model 7).
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Location parameter (πi) Location parameter (µi) Scale parameter (σi) Shape parameter (νi)

Item
α̂i0,π α̂i1,π α̂i0,µ α̂i1,µ α̂i0,σ α̂i1,σ α̂i0,ν α̂i1,ν

Est. SE Est. SE Est. SE Est. SE Est. SE Est. SE Est. SE Est. SE

Item 1 0.64 (0.06) 0.79 (0.09) 0.19 (0.01) -0.17 (0.01) -0.95 (0.02) -0.03 (0.02) 0.63 (0.13) -0.03 (0.15)
Item 2 -0.47 (0.07) 1.03 (0.10) 0.30 (0.01) -0.24 (0.01) -0.89 (0.02) -0.10 (0.02) 1.56 (0.15) -0.78 (0.18)
Item 3 -0.04 (0.08) 1.95 (0.20) 0.42 (0.02) -0.25 (0.01) -0.61 (0.02) -0.08 (0.02) -1.07 (0.14) 0.81 (0.16)
Item 4 -0.69 (0.07) 0.96 (0.10) 0.45 (0.01) -0.34 (0.01) -0.87 (0.01) -0.05 (0.02) -1.45 (0.12) -0.33 (0.15)
Item 5 -2.84 (0.21) 2.28 (0.24) 1.00 (0.02) -0.36 (0.02) -0.68 (0.02) 0.14 (0.02) -1.04 (0.13) -0.32 (0.20)
Item 6 -0.91 (0.06) 0.32 (0.08) 0.16 (0.01) -0.36 (0.01) -0.97 (0.02) 0.03 (0.03) 0.11 (0.11) -0.88 (0.21)
Item 7 -4.79 (0.42) 2.49 (0.32) 0.65 (0.01) -0.33 (0.01) -1.15 (0.02) -0.04 (0.02) 0.35 (0.14) -0.58 (0.16)
Item 8 -3.67 (0.30) 2.39 (0.28) 1.02 (0.01) -0.39 (0.01) -1.02 (0.02) 0.12 (0.02) -1.22 (0.17) -1.60 (0.26)
Item 9 -2.73 (0.16) 1.46 (0.16) 0.58 (0.01) -0.30 (0.01) -0.90 (0.02) -0.00 (0.02) 0.30 (0.10) 0.36 (0.13)

Est. Correlation(z1, z2) = -0.28 (SE: 0.025)

Table: Results for joint model of item responses and response times (Model 7).
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Figure: Item 2: Conditional expected values ( ), median ( ), and percentiles ( ).
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Location parameter (πi) Location parameter (µi) Scale parameter (σi) Shape parameter (νi)

Item
α̂i0,π α̂i1,π α̂i0,µ α̂i1,µ α̂i0,σ α̂i1,σ α̂i0,ν α̂i1,ν

Est. SE Est. SE Est. SE Est. SE Est. SE Est. SE Est. SE Est. SE

Item 1 0.64 (0.06) 0.79 (0.09) 0.19 (0.01) -0.17 (0.01) -0.95 (0.02) -0.03 (0.02) 0.63 (0.13) -0.03 (0.15)
Item 2 -0.47 (0.07) 1.03 (0.10) 0.30 (0.01) -0.24 (0.01) -0.89 (0.02) -0.10 (0.02) 1.56 (0.15) -0.78 (0.18)
Item 3 -0.04 (0.08) 1.95 (0.20) 0.42 (0.02) -0.25 (0.01) -0.61 (0.02) -0.08 (0.02) -1.07 (0.14) 0.81 (0.16)
Item 4 -0.69 (0.07) 0.96 (0.10) 0.45 (0.01) -0.34 (0.01) -0.87 (0.01) -0.05 (0.02) -1.45 (0.12) -0.33 (0.15)
Item 5 -2.84 (0.21) 2.28 (0.24) 1.00 (0.02) -0.36 (0.02) -0.68 (0.02) 0.14 (0.02) -1.04 (0.13) -0.32 (0.20)
Item 6 -0.91 (0.06) 0.32 (0.08) 0.16 (0.01) -0.36 (0.01) -0.97 (0.02) 0.03 (0.03) 0.11 (0.11) -0.88 (0.21)
Item 7 -4.79 (0.42) 2.49 (0.32) 0.65 (0.01) -0.33 (0.01) -1.15 (0.02) -0.04 (0.02) 0.35 (0.14) -0.58 (0.16)
Item 8 -3.67 (0.30) 2.39 (0.28) 1.02 (0.01) -0.39 (0.01) -1.02 (0.02) 0.12 (0.02) -1.22 (0.17) -1.60 (0.26)
Item 9 -2.73 (0.16) 1.46 (0.16) 0.58 (0.01) -0.30 (0.01) -0.90 (0.02) -0.00 (0.02) 0.30 (0.10) 0.36 (0.13)

Est. Correlation(z1, z2) = -0.28 (SE: 0.025)

Table: Results for joint model of item responses and response times (Model 7).
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Figure: Item 5: Conditional expected values ( ), median ( ), and percentiles ( ).
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American National Election Study (ANES): Thermometer questions (scaled ratings to (0, 1)
interval, n = 7253).

Q: “From 0 (cold) to 100 (hot), how would you rate ____ ?”

Exploratory model on attitudes towards social groups and movements.

Latent construct: ‘progressive-conservative’ scale (z1).

Items (x13): yi | z1 ∼ Beta(µi(z1), σi(z1)).
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Figure: Empirical CDF: Feminists ( ), Gay men and
Lesbians ( ), Christian fundamentalists ( ), and
Scientists ( ).

Model AIC BIC K

Beta (µ) -95075.12 -94806.44 39
Beta (µ, σ) -96805.52 -96447.28 52

Table: Beta GLVM-LSS results for ANES 2020 dataset
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Location parameter (µ) Scale parameter (σ)

Item
αi0,µ αi1,µ αi0,σ αi1,σ

Est. SE Est. SE Est. SE Est. SE

Christian fundament. -0.19 (0.02) -0.47 (0.02) 0.67 (0.01) 0.05 (0.01)
Christians 0.96 (0.02) -0.26 (0.02) 0.59 (0.01) 0.07 (0.01)
Muslims 0.41 (0.01) 0.98 (0.02) 0.01 (0.01) -0.10 (0.01)
Jews 1.15 (0.02) 0.51 (0.02) 0.29 (0.01) -0.16 (0.01)
Gay men and Lesbians 0.90 (0.02) 1.31 (0.02) -0.06 (0.01) -0.27 (0.01)
Transgender people 0.55 (0.01) 1.37 (0.02) -0.12 (0.02) -0.17 (0.01)
Feminists 0.45 (0.01) 1.21 (0.02) -0.10 (0.01) -0.16 (0.01)
#MeeToo movement 0.41 (0.02) 1.26 (0.02) 0.15 (0.02) -0.28 (0.01)
BLM movement 0.21 (0.02) 1.23 (0.02) 0.53 (0.01) -0.33 (0.01)
Labour Unions 0.39 (0.01) 0.62 (0.01) 0.21 (0.01) -0.13 (0.01)
Big Businesses -0.17 (0.01) -0.14 (0.01) 0.26 (0.01) 0.05 (0.01)
Journalists 0.02 (0.01) 0.93 (0.02) 0.23 (0.01) -0.17 (0.01)
Scientists 1.58 (0.02) 0.82 (0.02) 0.02 (0.01) -0.25 (0.01)

Table: Results for the heteroscedastic Beta factor model.
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(a) Homoscedastic model (b) Heteroscedastic model

Figure: Item: Scientists, conditional expected values ( ), median ( ), and percentiles ( ).
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Empirical Bayes (EB) factor scores:

z̃EB
m = E(z | ym; Θ̂) =

∫
Rq

z · p(z | ym; Θ̂) dz =
∫
Rq

z · f(ym | z; Θ̂y) p(z; Θ̂z)∫
Rq f(ym | z′; Θ̂y) p(z′; Θ̂z) dz′

dz

Robustness check vs. self-reported measure of political orientation
� 7-point (1 to 7) scale: Liberal vs. Conservative (LC)
� 11-point (0 to 10) scale: Left vs. Right (LR)

Correlations: Corr(EB,LC) = 0.65, Corr(EB,LR) = 0.56.
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(a) Liberal-Conservative scale (b) Left-Right scale

Figure: QQ-plots: (standardised) political orientation scales vs. EB factor scores (sign reversed).



Outline | 33

1 Background and Motivation

2 Generalised LVM for Location, Scale and Shape parameters

3 Estimation and Inference

4 Empirical Applications

5 Conclusions & Future Research



Summary: | 34

We propose a GLVM for Location, Scale and Shape parameters (GLVM-LSS), that allows for
modelling items with distributions beyond the exponential family and higher order moments as
functions of the latent factors, under either exploratory and confirmatory settings.

Model parameters are estimated using a two-step marginal maximum likelihood estimation
procedure.

We test GLVM-LSS and its estimation framework with some examples using survey data.

Extensions: New distributions, (non-linear) additive measurement equations.

Future research: local model fit criteria (residuals?), better ways for dealing with latent
variables, penalised estimation for better interpretation and sparse solutions.
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Appendix: Details on EM-algorithm I | 37

Augmented/complete-data log-likelihood:

`c(Θ; y, z) =
n∑

m=1

log f(ym, zm; Θ) =
n∑

m=1

[{
p∑

i=1

log fi(yim | z; θi)

}
+ log p(zm; Φ)

]

E-step: Q(Θ; Θ[t]) = Ez | y;Θ[t] [ `c(Θ; y, z) ]

M-step: Θ[t+1] = arg max Q(Θ; Θ[t]), or it suffices that Q(Θ[t+1]; Θ[t]) ≥ Q(Θ[t]; Θ[t]).

� Computation: S[t] := ∇ΘQ(Θ; Θ[t]) = 0

� NR update rule: Θ[t+1] = Θ[t] − (H[t])−1 S[t], with H[t] := ∇Θ∇ΘᵀQ(Θ; Θ[t]).
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Score vector (entries):

S[t]
[k̄i,ϕ] =

n∑
m=1

∫
Rq

[
∂ log fi(yim | z)

∂ϕi
· ∂ϕi

∂ηi,ϕ
· ∂ηi,ϕ

∂αi,ϕ

]
p(z | ym; Θ[t]) dz

Observed information matrix (block diagonal matrix with entries):

H[t]
[k̄i,ϕ,k̄i,ϕ̃] =

n∑
m=1

∫
Rq

[
∂2 log fi(yim | z)

∂αi,ϕ∂αᵀ
i,ϕ̃

]
p(z | ym; Θ[t]) dz
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Score vectors are equivalent: ∇Θ`(Θ; y) ≡ ∇ΘQ(Θ; Θ[t]) = S[t] (Louis, 1982).

For trust-region algorithm, H[t] = ∇Θ∇Θᵀ`(Θ; y):

H[t]
[k̄i,ϕ,k̄i′,ϕ̃] =

n∑
m=1

∫
Rq

p(z | ym) · ∂2 log fi(yim | z)
∂αi,ϕ∂αᵀ

i′,ϕ̃

dz

+
n∑

m=1

∫
Rq

p(z | ym) · ∂ log fi(yim | z)
∂αi,ϕ

· ∂ log fi′ (yi′m | z)
∂αᵀ

i′,ϕ̃

dz

−
n∑

m=1

∫
Rq

p(z | ym) · ∂ log fi(yim | z)
∂αi,ϕ

dz ·
∫
Rq

p(z | ym)∂ log fi′ (yi′m | z)
∂αᵀ

i′,ϕ̃

dz
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Φ is a correlation matrix =⇒ positive semi-definiteness and diagonal entries equal to one.

Cholesky decomposition: Φ = LLᵀ, with j rows Lj .

Solve ∇Lj Q(Θ; Θ[t]) ≡ ∇Lj `(Θ; y) = S[t]
Lj

= 0

S[t]
Lj,[k]

= −n · tr
(
Lᵀ(LLᵀ)−1Djk

)
+

n∑
m=1

[
tr

(
GjkV[t]

m

)
+ z̆[t]ᵀ

m Gjkz̆[t]
m

]
Projection step:

L[t+1]
j = arg min

Lj :||Lj ||=1
||Lj − L̃[t+1]

j || = 1
||L̃[t+1]

j ||
L̃[t+1]

j , for j = 1, ..., q
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A GLVM-LSS model: M = {Θ, z, F}

� Model parameters: Θ ∈ Ξ
� Latent variables: z ∈ Rq

� Parametric distributions: F = {f1(· | z; θ1), ..., fp(· | z; θp)}

Nested models: M0 = {Θ ∈ Ξ0, z, F} and M1 = {Θ ∈ Ξ1, z, F}

� LRT (Normal data), χ2-test (binary/categorical data)
!4 Sensitive to departures from distributional assumptions

Non-nested models: M0 = {Θ ∈ Ξ0, z ∈ Rq0 , F0} and M1 = {Θ ∈ Ξ1, z ∈ Rq1 , F1},

� Information Criteria (AIC, BIC)
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