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Derivatives

11 12 13 14 15 16

0
2

4
6

8
10

Level, Zeroth Derivative

x (e.g., time)

y 
(e

.g
., 

sc
al

e 
sc

or
e)

11 12 13 14 15 16

0
2

4
6

8
10

Velocity, First Derivative

x (e.g., time)

y 
(e

.g
., 

sc
al

e 
sc

or
e)

rise

run

11 12 13 14 15 16

0
2

4
6

8
10

Acceleration, Second Derivative

x (e.g., time)

y 
(e

.g
., 

sc
al

e 
sc

or
e)

rise

run

rise

run

Zeroth: x , First: dx/dt, Second: d2x/dt2

Relations between derivatives

pascal@psych.utah.edu intraindividual.com



Derivative Estimation Simulations Substantive Examples Conclusion

Derivatives

11 12 13 14 15 16

0
2

4
6

8
10

Level, Zeroth Derivative

x (e.g., time)

y 
(e

.g
., 

sc
al

e 
sc

or
e)

11 12 13 14 15 16

0
2

4
6

8
10

Velocity, First Derivative

x (e.g., time)

y 
(e

.g
., 

sc
al

e 
sc

or
e)

rise

run

11 12 13 14 15 16

0
2

4
6

8
10

Acceleration, Second Derivative

x (e.g., time)

y 
(e

.g
., 

sc
al

e 
sc

or
e)

rise

run

rise

run

Zeroth: x , First: dx/dt, Second: d2x/dt2

Relations between derivatives

pascal@psych.utah.edu intraindividual.com



Derivative Estimation Simulations Substantive Examples Conclusion

Differential Equation Modeling
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Order-Plus-One

Difference Scores (xt −xt−1,xpost −xpre)
Zeroth Difference: xt
First Difference: xt+∆−xt
Second Difference: (xt+∆−xt)− (xt −xt−∆)

Local Linear Approximation1

Zeroth Derivative: xt
First Derivative: (xt+∆−xt)/τ∆
Second Derivative: (xt+∆ + xt−∆−2xt)/τ2∆2

Time explicit, τ smoothing
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Regression Methods

Generalized Local Linear Approximation (GLLA)2

X = {Xt ,Xt+1,Xt+2,Xt+3,Xt+4}
X = β0 + β1(Time) + β2( 1

2Time2) + ε

Derivatives: β0, β1, β2

Non-interval sampling, any order of derivative, measurement
error

Generalized Orthogonal Local Derivative Estimates (GOLD)3

EQ1: X = β0 + ε

EQ2: X = β0 + β1(Time) + ε

EQ3: X = β0 + β1(Time) + β2( 1
2Time2) + ε

Derivatives: β0 (EQ1), β1 (EQ2), β2 (EQ3)
Advantages are the same as GLLA, orthogonal partitioning of
variance

2Boker, Deboeck, Edler & Keel, 2009
3Deboeck, 2010
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Non-independent Estimation

Functional Data Analysis4

Repeated observations: complex, but smooth, process
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polynomials the derivatives are constrained to be continuous
(to specified derivative)

4Ramsay & Silverman, 2002, 2005
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Non-independent Estimation

Empirical Bayes Derivative Estimates

Panel Data (large n, few t), Developmental Psychology

Multilevel Model, random effects for Intercepts and Slopes

Derivatives (Level, Velocity, Acceleration) as random effects
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Short Time Series Data Structure
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Long Time Series Data Structure
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Empirical Bayes Derivative Estimates

Xit = β0i + β1i (Time) + β2i (
1
2Time2) + εit

β0i = γ00 +u0i

β1i = γ10 +u1i

β2i = γ20 +u2i

Multivariate normal distribution of derivatives: β0i , β1i , β2i

Subsequent estimation of random effects: ”Conditional
mean/mode” estimates

Application of Bayes’ formula with model estimates as known
prior, data for each “group”
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Simulations

Two Simulations: Short, Long time series

GLLA, GOLD, FDA, EBD

Short Time Series

Quadratic time series
4-10 observations per time series
25, 50, 100, 500 time series (i.e., many individuals)
Measurement error: 10%, 30%, 50%
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Results

100 time series, 30% measurement error, 6 observations/time
series
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Results, MSE

Error: 30% Error
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Long Time Series Simulation

“x” component of Lorenz Attractor

Varied sampling rate (0.05, 0.10, 0.20, 0.30)

Embedding 5

Time series of 25, 50, 100, 500 observations

Measurement error: 10%, 30%, 50%
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Long Time Series, Sampling Rates
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Results: High Fidelity, Sampling Rate 0.05
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Results: Low Fidelity, Sampling Rate 0.20
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Results, MSE
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Differencing — GLLA — EBD
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Differencing — GLLA — EBD
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Limitations

Assumption of Multivariate Normality

Fairly robust to non-normality of random effects

Same mean/covariance matrix across all estimates

People with Different Dynamics
Non-stationary Time Series

Linear relations between derivatives
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Variations

Multilevel Modeling Advantages

Unequal Observation Intervals/Missing Data

Generalized Linear Mixed Models (Categorical, Poisson data)

Simultaneously Detrend Data

New intensive sampling schemes
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7/30 Sampling Scheme
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7/30 Sampling Scheme
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Heart Rate Data
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Heart Rate Data
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Positive Affect, Daily for 56 Days (GOLD)
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Positive Affect, Daily for 56 Days (GOLD, EBD)
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Positive Affect, Daily for 56 Days (EBD)
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Conclusion

Derivative Estimation

Order-Plus-One (Differences, LLA), Regression Methods
(GLLA, GOLD), Non-independent Estimation (FDA)
Empirical Bayes Derivative Estimates (Multilevel Models,
random effects)
Simulations highlight attenuation, greatly reduced variance
Generally as efficient or better than GLLA/GOLD/FDA

Variations

Unequal Observation Intervals/Missing Data
Generalized Linear Mixed Models (Categorical, Poisson data)
Simultaneously Detrend Data
New intensive sampling schemes (7/30 for a year)

Substantive: Heart Rate, Positive Affect
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