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ANCOVA with Dual-Centered Data 

Proposed solution to Lord’s Paradox: 
• Dual-Centered ANCOVA
• Extension of Huitema’s Quasi-ANCOVA

Y1ij − ഥY0j = δ0 + δ1Xij + δ2(Y0ij−ഥY0j) + ε

Center the posttest 
scores on pretest 

group means

Center the pretest 
scores on pretest 

group means



Results Using Dual-Centered Data

Treatment Outcome
Sex costs talk     Unprotected sex
Reasoning          Child aggression
Hospitalization  Physical health

More 
Power?
OR
Inflated a



Possible Advantages of Dual-Centered ANCOVA

Four possible advantages (when diffs-in-diffs is warranted):

1. Yields consistent results when Lord’s paradox applies

2. Estimates pure within-person effects

3. Can it provide more power than standard difference-score analyses?

4. Can test Pretest X Treatment interactions within difference-score analysis

Lord’s paradox applies to most longitudinal analyses



Wade Brorsen’s Analysis: Goals

• Explain why Quasi-Ancova
standard errors are too low

• What to do about endogenous 
treatment effects



A Common Language

• Anova

• Ancova

• Differences

• Quasi-Ancova

• Dual-Centered Ancova



Analysis of Variance (Anova)

(1) 𝑌𝑖𝑗1 = 𝛽0 + 𝛽1𝑋𝑗 + 휀𝑖𝑗

where 𝑌𝑖𝑗1is posttest score of ith person receiving jth

treatment, Xj is an indicator variable for the jth treatment 

(j = 1, 2).



Differences Model

(2)  𝑌𝑖𝑗1 − 𝑌𝑖𝑗0 = 𝛿0 + 𝛿1𝑋𝑗 + 𝜗𝑖𝑗

where 𝑌𝑖𝑗0 is the pretest score. 

.



Analysis of Covariance 
(Ancova)

(3) 𝑌𝑖𝑗1 = 𝛼0 + 𝛼1𝑋𝑗 + 𝛼2𝑌𝑖𝑗0 + 𝑣𝑖𝑗.



Problems

• The choice of model can dictate 
the answer

• Endogenous treatment effects



Monte Carlo Study (Lin, 2022)

Name

Treatment 

Effect SE

MC SD

MSE

Anova -0.0002 0.948 0.998 224.8

ANCOVA -0.0068 0.413 0.411 42.7

Quasi-

ANCOVA -0.0002 0.413 0.998 42.7



Quasi-Ancova

(4) 𝑌𝑖𝑗1 = 𝛾0 + 𝛾1𝑋𝑗 + 𝛾2(𝑌𝑖𝑗0 − 𝑌𝑖𝑗0) + 𝑣𝑖𝑗

Posttest Score Treatment Dummy Pretest Score Group Means



Quasi-Ancova

(4)𝑌𝑖𝑗1 = 𝛾0 + 𝛾1𝑋𝑗 + 𝛾2(𝑌𝑖𝑗0 − 𝑌𝑖𝑗0) +

𝑣𝑖𝑗

(5)𝑌𝑖𝑗0 = 𝜑0 + 𝜑1𝑋𝑗 + 𝜏𝑖𝑗



Possibilities

Generated Regressor Problem



Two-Stage Least Squares (IV) 

Calculate coefficients using predictions

Calculate standard errors using actuals



Quasi-Ancova

(4)𝑌𝑖𝑗1 = 𝛾0 + 𝛾1𝑋𝑗 + 𝛾2(𝑌𝑖𝑗0 − 𝑌𝑖𝑗0) + 𝑣𝑖𝑗

(5)𝑌𝑖𝑗0 = 𝜑0 + 𝜑1𝑋𝑗 + 𝜏𝑖𝑗

Quasi-Ancova gives same estimate and same standard errors as Anova when 
standard errors are adjusted for generated regressors



Quasi-Ancova

(4)𝑌𝑖𝑗1 = 𝛾0 + 𝛾1𝑋𝑗 + 𝛾2(𝑌𝑖𝑗0 − 𝑌𝑖𝑗0) + 𝑣𝑖𝑗

(5)𝑌𝑖𝑗0 = 𝜑0 + 𝜑1𝑋𝑗 + 𝜏𝑖𝑗

The added term is the error from the second equation. Both have same regressors, 
so no gain in using seemingly unrelated regression.



Dual-Centered Ancova

(8)𝑌𝑖𝑗1 − ത𝑌𝑗0 = 𝜔0 +𝜔1𝑋𝑗 + 𝛾2(𝑌𝑖𝑗0 −ෞ𝜇𝑗) + 𝑣𝑖𝑗

(9) 𝑌𝑖𝑗0 = 𝜇𝑗 + 𝜏𝑖𝑗

(4) 𝑌𝑖𝑗1 = 𝛾0 + 𝛾1𝑋𝑗 + 𝛾2(𝑌𝑖𝑗0 − 𝑌𝑖𝑗0) + 𝑣𝑖𝑗

(5) 𝑌𝑖𝑗0 = 𝜑0 +𝜑1𝑋𝑗 + 𝜏𝑖𝑗

Dual-centered Ancova is the same as the differences model.



Endogenous Treatment Effects

• Spanking

• Obesity

• Depression

• Preventive antibiotics in feedlot



Endogenous Treatment Effects

• Randomized controlled trials

• Instrumental variables

• Matching

• Lewbel approach

• FIML with sample selection



Metaphylaxis

• Treated cattle have worse outcomes

• Treatments effective in experiments

• Propensity score still negative

• Lewbel (2012) can give zero effect (after pretesting)

• Need better selection variables



•Quasi-Ancova is same as Anova

•Dual-Centered Ancova is same as Differences approach

•Endogenous treatment effects- no clear answer

Summary



Graphical Explanation



When Does Group-Mean Centering Bias se’s
of Tx Effects?

• Pagan (1984, International Economic Review) Generated regressors

• Multilevel modeling case (His Model 4)
• Standard errors are correct at Level 1

• Standard errors are biased at Level 2

• Do his conclusions apply only to OLS regression on Level 2 alone?

• Do multilevel modeling programs correct for this bias?

• Brorsen: Need 2SLS or Instrumental Variable approaches or 
maximum likelihood to get the correct standard errors.



Initial Simulation (Hua Lin)

• Still working on simulating Multilevel Modeling to test whether 
Pagan (1984) is correct that se’s are biased for treatment effects at 
Level 2
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