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An Example About Sample Allocation, Budget, 

& Statistical Power

❖ How many individuals are needed to have .80% power?

▪ Effect size: 𝒅 =  𝟎. 𝟐

▪ Proportion of variance explained: 𝑹𝟐 =  𝟎. 𝟓𝟎 

$𝟗𝟎 $𝟏𝟎

$19,700
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$16,000



Optimal Design for Single-Level Experiments: 

Optimize the Sampling Ratio Between Conditions

(Cochran, 1963; Nam, 1973) 3

… …

𝒑𝒏 (𝟏 − 𝒑)𝒏 

𝒏𝒄𝑻 𝒄

(Cochran, 1963; Nam, 1973) 

Optimal design parameter: 𝒑 =
𝒄/𝒄𝑻

𝟏+ 𝒄/𝒄𝑻
  with 𝟎 < 𝒑 < 𝟏 



An Optimal Design Example

 𝒄 = $𝟏𝟎, 𝒄𝑻 = $𝟗𝟎 

 𝒅 =  𝟎. 𝟐, 𝑹𝟐 =  𝟎. 𝟓 
 𝒑 =

𝒄/𝒄𝑻

𝟏+ 𝒄/𝒄𝑻
=. 𝟐𝟓

(1)
𝒏𝒐 = 𝟓𝟐𝟔
𝟏𝟑𝟐, 𝟑𝟗𝟓 ;

    $15,780

𝟐  𝒏𝑪 = 𝟑𝟏𝟔 𝟏𝟓𝟖, 𝟏𝟓𝟖 ; ~$𝟏𝟓, 𝟕𝟖𝟎

𝒏𝑪 = 𝟑𝟗𝟒 (𝟏𝟗𝟕, 𝟏𝟗𝟕); 

$197,00 

25%

$15,780
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Optimal design parameter: 𝒏 =
𝑪𝟐

𝑪𝟏

𝝈𝟏𝑨
𝟐

𝝈𝟐𝑨
𝟐  

Conventional Framework for 2-Level Cluster-

Randomized Trials (CRTs)

… …𝐽

𝑛
𝑪𝟏

𝑪𝟐

 𝒏 =
𝑪𝟐

𝑪𝟏

(𝟏−𝝆)(𝟏−𝑹𝟏
𝟐)

𝝆(𝟏−𝑹𝟐
𝟐)

Assumption & 

Constraint

½ 𝑱 (𝟏 − ½)𝑱=

(Raudenbush, 1997)
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Conventional Framework: Extensions

…

Assumption & 

Constraint……

…

… …

Three-Level CRTs 
(Konstantopoulos, 2009, 2011)

Four-Level CRTs
(Hedges & Borenstein, 2014)

Two-Level CRTs 
(Raudenbush, 1997)

Two-Level CRTs: Mediation (Kelcey & Shen, 2020; Cox & 

Kelcey, 2019)

Regression Discontinuity Designs (Rhoads & Dye, 2016)

…
Two-Level MRTs
(Raudenbush & Liu, 2000)

Four-Level MRTs
(Hedges & Borenstein, 2014)

Three-Level MRTs
(Hedges & Borenstein, 2014)

=

=

=
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Inconsistency in Frameworks

… …

𝒄𝑻 𝒄

… …𝐽

𝑛
𝑪𝟏

𝑪𝟐
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Past & Current Research on Optimal Design

R package odr (Shen & Kelcey, 2023); R Shiny App (Shen & Kelcey, in progress)

2-Level

3-Level

4-Level

CRTs MRTs

(Shen & Kelcey, 2020)

(Shen & Kelcey, 2020)

(Shen, 2019) (Shen, 2019)

(Shen & Kelcey, 2022b)

(Shen & Kelcey, 2022a)

CRTs MRTs

Mediation/Moderation EffectMain Effect

(Shen et al., in prep)
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A Flexible Framework for 2-Level CRTs

… …𝑱

𝒏
𝒄𝟏

𝒄𝟐

𝒑𝑱       (𝟏 − 𝒑)𝑱

𝒄𝟐
𝑻

𝒄𝟏
𝑻

(Shen & Kelcey, 2020)
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Optimal Design Parameters

𝒑 =

𝒄𝟏𝒏+𝒄𝟐

𝒄𝟏
𝑻𝒏+𝒄𝟐

𝑻

𝟏+
𝒄𝟏𝒏+𝒄𝟐

𝒄𝟏
𝑻𝒏+𝒄𝟐

𝑻

 

𝒏 =
𝟏 − 𝒑 𝒄𝟐 + 𝒑𝒄𝟐

𝑻

𝟏 − 𝒑 𝒄𝟏 + 𝒑𝒄𝟏
𝑻

𝟏 − 𝝆 𝟏 − 𝑹𝟏
𝟐

𝝆 𝟏 − 𝑹𝟐
𝟐

… …
𝑱

𝒏
𝒄𝟏

𝒄𝟐

𝒑𝑱       (𝟏 − 𝒑)𝑱

𝒄𝟐
𝑻

𝒄𝟏
𝑻

(Shen & Kelcey, 2020, 2023)
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𝒑 =

𝒄𝟏𝒏+𝒄𝟐

𝒄𝟏
𝑻𝒏+𝒄𝟐

𝑻

1+
𝒄𝟏𝒏+𝒄𝟐

𝒄𝟏
𝑻𝒏+𝒄𝟐

𝑻

 

𝒏 =
𝟏 − 𝒑 𝒄𝟐 + 𝒑𝒄𝟐

𝑻

𝟏 − 𝒑 𝒄𝟏 + 𝒑𝒄𝟏
𝑻

𝟏 − 𝝆 𝟏 − 𝑹𝟏
𝟐

𝝆 𝟏 − 𝑹𝟐
𝟐

Optimal Design Parameters

… …
𝑱

𝒏
𝒄𝟏

𝒄𝟐

𝒑𝑱       (𝟏 − 𝒑)𝑱

𝒄𝟐
𝑻

𝒄𝟏
𝑻

(Shen & Kelcey, 2020, 2023)
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No Closed-Form Solution

𝒑 =

𝒄𝟏𝒏+𝒄𝟐

𝒄𝟏
𝑻𝒏+𝒄𝟐

𝑻

𝟏+
𝒄𝟏𝒏+𝒄𝟐

𝒄𝟏
𝑻𝒏+𝒄𝟐

𝑻

 

𝒏 =
𝟏 − 𝒑 𝒄𝟐 + 𝒑𝒄𝟐

𝑻

𝟏 − 𝒑 𝒄𝟏 + 𝒑𝒄𝟏
𝑻

𝟏 − 𝝆 𝟏 − 𝑹𝟏
𝟐

𝝆 𝟏 − 𝑹𝟐
𝟐

… …
𝑱

𝒏
𝒄𝟏

𝒄𝟐

𝒑𝑱       (𝟏 − 𝒑)𝑱

𝒄𝟐
𝑻

𝒄𝟏
𝑻

(Shen & Kelcey, 2020, 2023)
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Iteration Method for Numerical Solutions

Sample   𝑛 = 𝑛0

Solve for 𝑝 = 𝑝0

Update    𝑛 = 𝑛1

                𝑝 = 𝑝1 

                ……

Until 

(Shen & Kelcey, 2020, 2023)

𝒑 =

𝒄𝟏𝒏 + 𝒄𝟐

𝒄𝟏
𝑻𝒏 + 𝒄𝟐

𝑻

𝟏 +
𝒄𝟏𝒏 + 𝒄𝟐

𝒄𝟏
𝑻𝒏 + 𝒄𝟐

𝑻

𝒏 =
𝟏 − 𝒑 𝒄𝟐 + 𝒑𝒄𝟐

𝑻

𝟏 − 𝒑 𝒄𝟏 + 𝒑𝒄𝟏
𝑻

𝟏 − 𝝆 𝟏 − 𝑹𝟏
𝟐

𝝆 𝟏 − 𝑹𝟐
𝟐

𝑛𝑚 − 𝑛𝑚−1 ≤
1

1010

𝑝𝑚 − 𝑝𝑚−1 ≤
1

1010
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Optimal Design Parameters

Unit Cost

A Student in Control $10

A Student in Treatment $10

A School in Control $500

A School in Treatment $10,000

𝝆 = .2, 𝑹𝟏
𝟐 =. 𝟒𝟓, 𝑹𝟐

𝟐 =. 𝟔𝟓

… …
𝑱

𝒏
𝒄𝟏

𝒄𝟐

𝒑𝑱       (𝟏 − 𝒑)𝑱

𝒄𝟐
𝑻

𝒄𝟏
𝑻

𝒄𝟏
𝑻

𝒄𝟐
𝑻

𝒄𝟏

𝒄𝟐

𝒑 =. 𝟐𝟑
𝒏 = 𝟒𝟏
𝑱 = 𝟗𝟏
𝒎 = $𝟐𝟖𝟑𝑲
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Graphic Illustration

𝒎𝒐 = $𝟐𝟖𝟑𝑲𝒑 =. 𝟐𝟑, 𝒏 = 𝟒𝟏 (.8)

𝒑 =. 𝟓
𝒏 = 𝟓𝟕

𝒑 =. 𝟓

.69

𝒎 = $𝟑𝟔𝟕𝑲 (30% )
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Robustness to Misspecification

 Relative Efficiency 

=
𝑚𝑜

𝑚

=
𝜎𝑑

2𝑜

𝜎𝑑
2

= 𝑓(𝑐𝑜𝑠𝑡, 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒, 𝑂𝐷 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠)

(e.g., Shen & Kelcey, 2020, 2022a, 2022b)

True value = 1 time (i.e., 𝜌 = .20)
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Contributions

Efficient and effective designs Accelerating innovation 

Theory Framework Tools
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